The general tensorial form of the hyperfine interaction operator in the formalism of second quantization is presented. Both diagonal and off-diagonal matrix elements of the above-mentioned operator are found using an approach based on a combination of second quantization in the coupled tensorial form, angular momentum theory in three spaces (orbital, spin and quasispin) and a generalised graphical technique. This methodology allows us to account for correlation effects efficiently and, therefore, to study the hyperfine interactions in complex many-electron atoms, those with open fshells included, in a practical manner. All this will lead us to design an efficient program for large scale calculations of hyperfine structure and isotope shift.
Introduction
High resolution and increasing accuracy of contemporary spectroscopic methods in the study of the structure of atoms and ions requires accounting for the hyperfine structure and isotope shift of their energy levels. The same is true for collision processes with particles or photons. The interpretation of experiments currently under survey, most notably in astrophysics, depends heavily on accurate theoretical hyperfine structure data. Although hyperfine structure calculations are by far not new, there still is a lack of reliable theoretical predictions. This is mainly due to two problems. On one hand there is a strong dependency of the hyperfine structure on reliable electronic wave functions -in fact hyperfine structure calculations are the best test for accurate wave functions. From the literature two groups of methods for obtaining them are known. First, we have the ab initio methods [1, 2] and second the parametrisation methods [3] . A comprehensive review of these methods can be found in [1, 4, 5, 6] . For both methods a considerable part of the effort must be devoted to the integration over spin-angular variables which occur in the matrix elements of the operators under consideration. On the other hand, consequently, the problem is given by the complexity of the spin-angular integration. Including the effects of configuration interaction has lead to a survey of only selected elements and is far from being a standard task as needed in ongoing experiments. In this paper we would like to tackle the second problem and present an efficient, fast and standardised way to find the matrix elements of the hyperfine structure operator. A lot of insight into the actual interactions is preserved in the formalism and it can be used as it is for any electronic configuration. The approach is based on the formalism developed by Gaigalas et al [7] . The software [8, 9] based on this approach allows one to generate fairly accurate databases of atomic parameters. Further development of this approach and its application to the hyperfine structure studies are discussed here.
We focus our attention to the nonrelativistic case using LS-coupled wavefunctions. This limits the application to light atoms only. The theoretical basis for relativistic calculations using jj-coupled configuration state functions using the same approach is laid in [7] . But further work is necessary to use this for the theory of hyperfine structure. Other suggestions for relativistic hyperfine structure calculation techniques exist [10] and are readily used [11] .
The second section of this paper is devoted to the consideration of the hyperfine interaction (hfi) operator in the tensorial form of the magnetic and electric multipole expansions. We start with the irreducible tensorial form of these operators as presented in [2] . After that we specify the ranks of the relevant operators in the electron orbital and spin spaces. Such an evaluation is necessary in order to make use of the symmetry properties of the spin-angular parts of the relevant matrix elements [7] .
In the third section the tensorial form of the hfi operator is presented in the coupled second quantization approach. The electron creation and annihilation operators are written as triple tensors (orbital, spin and quasispin spaces). The one-electron reduced matrix (submatrix) elements of the hfi operators, needed for further considerations, are presented here, too.
The general expressions of the matrix elements of the hfi operator, including offdiagonal with respect to the electronic configurations, are obtained in the fourth section. Special cases of one and two interacting shells of equivalent electrons are discussed in detail. The approach is based on the reduced in three spaces (orbital, spin and quasispin) matrix elements of the second quantization operators as triple tensors.
The formalism is then used explicitly for the case of a two open shell system. The main conclusions are drawn in the last section.
Hyperfine Interaction Operator
Hyperfine interactions produce splitting of the usual atomic level with a given total electronic angular momentum J into a number of components. Each of them correspond to a certain value of the vectorial sum J + I (I is the angular momentum of the nucleus) describing the total momentum of the atom F,
Due to the presence of the interaction between J and I these two angular momenta are no longer exact quantum numbers; only their vectorial sum (total momentum F) is. However, this interaction is fairly small, therefore the hyperfine splitting may be considered separately for each level via calculation of the corresponding matrix elements. This contribution to the Hamiltonian can be represented by an expansion in multipoles of the order k,
where e T (k) and n M (k) are tensorial operators of rank k in the electronic and nuclear spaces, respectively. From the symmetry of the operators it follows that the electric multipole interaction has only even k values and the magnetic one only odd k values. Thus according to the parity of the rank k the terms of the operator (2) can be presented into two groups describing magnetic and electric multipole interactions. Due to the presence of electrons in the nuclear core, an additional so-called Fermi-contact term must be taken into account, too.
In this paper we analyse only the part of the interaction acting in the space of the atomic electrons, namely e T (k) . The relevant part acting in the space of the atomic nucleus is considered e.g. in [2] . Let us start by analysing the values of the ranks of the operator e T (k) in the space of the atomic electrons. The irreducible form of the electromagnetic multipole interaction in the standard (Fano-Racah) phase system is as follows (in a.u.) [2] :
with gyromagnetic ratio g s = 2.00232. The operator C 
and L
(1) j and S
(1) j are respectively the total angular and spin operators. The electric multipole interaction operator can be presented in the form
The electronic part of the Fermi-contact term is:
with δ (r j ) the three-dimensional delta function. For each angular momentum of the electrons L, S, and J we can ascribe the relevant space. Each operator has appropriate tensorial ranks in these spaces depending on their nature. Hereafter we follow the methodology described in [12] considering the spinangular parts.
The Fermi-contact term has the simplest tensorial structure. As we see from (6), there is only the spin-angular momentum S (1) j . It acts in the s space, and there are no operators acting in the orbital l space. Thus the tensorial structure of the Fermi-contact interaction operator is:
where the first rank indicates its value in orbital l space, the second rank in spin space s and the third rank in j space. It follows from (5) that the operator for electric multipole interactions has the tensor C (k) acting in l space and there are no operators acting in s space. Thus T
The operator for magnetic multipole interactions (3) has two terms with different tensorial structure, namely
The first term acts in l and j spaces and has rank k, while the second has rank k + 1 in l space, rank 1 in s space and rank k in j space. Having such details of the tensorial structure of the hfi operators we are in a position to look for the coupled tensorial forms of these operators in the second quantization picture.
Irreducible Tensorial Form of Hyperfine Interaction Operator in the Second Quantization
It is well known [2] that any one-particle operator
can be expressed in the following coupled tensorial form of second quantization operators:
, and n i λ i ||f (k l ks) ||n j λ j is the one-electron interaction submatrix (reduced matrix) element of the operator F . The operators a (q λ) mq are second quantization operators in the quasispin space of rank q = 1/2. The operator a
m λ creates an electron with angular momentum quantum numbers l, m l and its conjugate a
annihilates an electron with the same quantum numbers l, m l in a given shell of equivalent electrons. The product of tensors a
denotes the tensorial part of operator F . Here the rank k l of the orbital space is coupled to the rank k s in spin space to form a tensorial product of total spin-angular rank Γ. As we shall see, this expression is very effective for the calculation of spin-angular coefficients for any one-particle operator acting in one open shell. It is general and the tensorial form of any one-particle physical operator may be obtained from it. To get the expression of a concrete physical operator, the tensorial structure of the operator and the one-electron interaction submatrix elements n i λ i ||f (k l ks) ||n j λ j must be known. We investigate this now for the hyperfine interaction operator. Its tensorial structure was discussed in the previous paragraph, therefore here we restrict ourselves to find the one-electron submatrix elements. We point out that in using the expression (11) the one-electron submatrix element depends only on the values of the ranks of the operator in the l-and s-spaces. The dependence on the value of rank in the j-space is in the tensorial part of the formula. Therefor we will indicate only the values of the ranks in the l-and s-spaces in the treatment of one-electron submatrix elements for a physical operator. We will use the expression H (k l ks) for the operator instead, e.g, of the expression H (k l ksk j ) in the notation of the submatrix element. The Fermi-contact term has the tensorial structure k l =0, k s =1. Using the relation (nl 4πr 2 δ(r j ) nl ) = (nl δ(r) nl ) between the three-dimensional (from (6)) and onedimensional delta functions, the one-electron submatrix element can be written as
It follows from equation (12) that this term is non-zero only for s-electrons. The electric multipole interaction operator (8) has the tensorial structure k l =k, k s =0. The one-electron submatrix element is
It is not equal to zero if l + k + l is an even number. Let us consider now the magnetic multipole interaction (9) . It consists of two terms having different tensorial structure. Let us start with the term H
the one-particle submatrix element has the form:
Taking into account that for k = 1 equation (14) becomes
the one-electron submatrix element of the operator H
Now let us consider the second term H (k+1 1) m in (9) . In the general case its one-electron submatrix element is
It follows from here that for H (2 1) m the diagonal (with respect to the orbital momentum quantum number l) one-electron submatrix elements are
This is in accordance with [13] . The off-diagonal (with respect to l) one-electron submatrix elements have the forms:
and
In this section we have considered the one-electron submatrix element n i λ i ||f (k l ks) ||n j λ j of all three operators of the hyperfine interactions. These data are necessary for obtaining the explicit tensorial second quantization form of the hfi operators. The main peculiarity of these expressions is the use of the tensorial properties of the operators in orbital l, spin s, and quasispin q space. For instance, the final expressions of the electric multipole interaction operator in the coupled tensorial form of second quantization follows from (11), (8) and (13):
In a similar way the relevant expressions for the rest of the hfi operators are found:
In the following paragraph we will discuss the use of the formulas presented above for the evaluation of the matrix elements of the hfi operators for arbitrary electronic configurations.
General Expressions for the Matrix Elements of the hfi Operators
In order to evaluate the hyperfine splitting of the atomic energy levels E hf i (JIF ) we need the submatrix elements of the operator T (k) with respect to the wave functions having in general an arbitrary number of electronic shells. In the case where the electronic wave function of the atom is given by a configuration state expansion:
the electronic submatrix elements can be written as follows:
As we see from (25) and (26) we need both submatrix elements, diagonal and off-diagonal with respect to the electronic configurations, of the operators under consideration. In this paragraph we describe the relevant calculation scheme based on the methodology described in [7] . The matrix elements of the one-particle non-scalar operator F (k l ksk) between configuration state functions with u open shells can be expressed as a sum over one-electron contributions
where
All states in (27) and (28) are defined in LS-coupling. (ψ u (LS) || and ||ψ u (L S )) are respectively bra and ket functions with u open shells, n i λ i f (k l ks) n j λ j is the oneelectron interaction matrix element of the operator
ket denote the respective sets of active shell angular momenta and Γ refers to the array of all shell terms and intermediate quantum numbers of the bra and ket functions. To calculate the spin-angular part of the submatrix element (28), one has to compute • the recoupling matrix R λ i , λ j , Λ bra , Λ ket , Γ, k l , k s , • the submatrix elements of irreducible tensor operators
• the phase factor ∆, • the one-electron submatrix element n i λ i f (k l ks) n j λ j . Let us consider these quantities in detail.
Recoupling matrix
We present the expressions for the recoupling matrices R λ i , λ j , Λ bra , Λ ket , Γ, k l , k s for non-scalar one-particle operators. These matrices can be treated in the orbital l and spin s spaces separately [7] . That is
bra . To simplify matters we present only the expressions in l space. The recoupling matrices in s space are easily obtained from analogous expressions in the l space by making corresponding substitutions
It follows from (28) that in the general case the non-scalar one-particle operator may act on one or two different shells. Therefore we must consider both cases separately. The evaluation is done using extended graphical methods [14, 15] leading to tables for reoccuring patterns. Thus a compact and general presentation is achieved.
One interacting shell
Let us assume that the operators of second quantization act on the shell a. Then the recoupling matrix has the expression:
The
(equal to one if the three arguments full fill the triangle condition, to zero otherwise) and
where the values of parameters ϕ, J, T and T occurring in expression (31) are given in Table 1 .
..a Table 1 Parameters for C 1 in equation (30).
The remaining two coefficients are
where the parameters ϕ, j, J and J are given in Table 2 . Table 2 Parameters for C 2 and C 3 in equation (32) and (33).
Two interacting shells
In this case let us assume that the first operator of second quantization from equation (28) acts upon the shell α and the second one upon β. Then
where a=min{α, β}, b=max{α, β},
The values of the parameters J 1 , J 1 , J 2 , J 2 , J 3 and J 3 occurring in the expression (36) must be taken from Table 3 .
When α < β in equation (34) then K 12 = l α , K 12 = l β and when α > β then K 12 = l β ,
All analytical expressions for recoupling matrices presented in this paragraph are general and valid for any non-scalar one-particle operator (i.e. operator consisting of Table 3 Parameters for C 4 in equation (36).
tensorial products of tensorial operators). If k l = 0 and k s = 0 in (30) and (34), then we have the relevant formulas for the recoupling matrices of one-particle operator, consisting of the scalar product of tensorial operators.
Matrix elements of irreducible tensorial operators
By applying the Wigner-Eckart theorem in quasispin space we obtain the submatrix elements of operators of type a (qls) mq in the form
where the last factor is an in all three spaces reduced matrix element of the triple tensor a (qls) proportional to the so-called fully reduced coefficient of fractional parentage [2] . The submatrix element of the simplest compound tensorial operator of type
where nl αQLS W (kqk l ks) nl α Q L S denotes the completely reduced matrix element of the tensorial operator W (kqk l ks) (nl, nl) = a (q l s) × a (q l s) (kqk l ks) in quasispin space. In terms of the fully reduced coefficients of fractional parentage l αQLS a (qls) l α Q L S we find
This construction has the advantage that the completely reduced matrix elements on the right hand side of (37) and (38) are independent of the occupation number of the shell. The requirements on storage in comparison with earlier works are therefore reduced.
Phase factor ∆
The phase factor arises from the reordering needed to match the recoupled creation and annihilation operators in the bra and ket vectors. We have
when n i λ i = n j λ j , otherwise
where N r is the occupation number of subshell r, a = min{i, j} and b = max{i, j}.
The one-electron submatrix element
Last to define is the one-electron submatrix element
in (27). For the Fermi-contact operator (6) this submatrix element has the form (12) . The relevant one-electron submatrix elements of the left hfi operators may be taken from the paragraph 3. The pure spin-angular coefficients for one-electron operators can be identified by inserting
in (27). Thus the expression (27) is fairly general and covers all cases of the hfi operators. We are going to implement the methodology described in a package of universal computer programs allowing to study the hyperfine interactions in complex many-electron atoms.
Explicit expressions
Let us as an example investigate a two shell system. The matrix element can be written in a general way using (27) and (28) as
Examining the coupled creation and annihilation operators leads directly to three distinct cases: 
Further simplifications occur if we assume the first shell to be closed. Then ks) (1, 1 ) evaluate to zero if k l or k s are not equal to zero. The two 6j-coefficients before f (k l ,ks) (2, 2 ) have simple expressions:
and an analogous one for S. In the case of a closed first shell with N 2 = N 2 the phase ∆ = 0 and the matrix elements evaluate to
Apart from the reduced submatrix element we have to express the coupled creation and annihilation operator part in terms of the completely reduced coefficients of fractional parentage γ a (qls) γ with γ = lαQLS. Their values are tabulated, for example in [16] . We have 
The last step is to use the definition of the hyperfine structure submatrix elements with appropriate ranks k l and k s to evaluate the submatrix element f . For the orbital term we have k l = 1 and k s = 0 and f is given by formula (17). For the diagonal hyperfine contact interaction matrix element between a closed shell 1 and the second shell 2 = 3d 
We are left with the radial integral which must be evaluated with wavefunctions obtained for example in a multiconfiguration Hartree-Fock calculation or treated as adjustable parameters in a semiempirical approach.
Conclusion
The method based on the combination of the angular momentum theory, on a generalised graphical approach, on the second quantization in coupled tensorial form, on the quasispin approach and on the use of fully reduced coefficients of fractional parentage [7] allows us to find the general irreducible tensorial form of the hyperfine interaction operator as well as the matrix elements of the above-mentioned operator, diagonal and off-diagonal with respect to electronic configurations included, thus accounting for the correlation effects in a general case. The practical study of the hyperfine interactions in complex manyelectron atoms, even for elements with open f -shells, becomes feasible. The expressions for the appropriate recoupling matrices are very convenient to implement in form of a computer program. We are therefore in the position to design an efficient program for large scale atomic structure calculations, hyperfine structure and isotope shift included.
